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We discuss the strong CP problem in the context of quantum field theory in the
presence of horizons. We argue that general covariance places constraints on the
topological structure of the theory. In particular, as in QCD, it means that different
topological sectors of the theory can only sum incoherently, because the degrees of
freedom beyond the horizon must be traced over for general covariance to apply. This
might lead to a solution of the so-called strong CP problem without extra observable
dynamics.
2I. INTRODUCTION TO THE STRONG CP PROBLEM
The strong CP problem [1–7] is the only fundamental naturalness problem connected
to QCD. It arises generically in Yang-Mills theories as a consequence of the existence of
an internal direction in the “color-symmetry” gauge group1 G, where the vector potential
Aµ → Aaµ is allowed to twist in topologically non-trivial ways. The non-trivial twisting of
Aµ means that finite-action field configurations are separated into topologically separated
equivalence classes, labeled by how they twist in gauge space over the asymptotic region
Aµ(r → ∞) in Euclidean space [5, 6]. The label for these equivalence classes is an integer
ν[A] ∈ Z, called the winding number of Aµ, given by
ν[A] =
1
32π2
∫
d4xF aµνF˜
a
µν , F˜
a
µν ≡
1
2
ǫµνλσFλσ, (1)
and all classical solutions of the Euclidean equations of motion of the theory with finite
action fall within one of these winding sectors.
Classically, the winding number cannot be changed due to energy conservation. Quantum
mechanically, the existence of tunneling solutions of the classical Euclidean equations of
motion (called instantons) that interpolate between two given equivalence classes ν → ν+1,
having the form (up to a parameter ρ)
Aµ(x) =
(
x2
x2 + ρ2
)
U1(x)∂µU
−1
1 (x), U1(x) =
(
x4 + x · σ√
x24 + |x|2
)
, (2)
means the winding number is only conserved perturbatively. Field strength fluctuations
Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ] (3)
corresponding to field configurations of the type of equation (2) occur locally, suppressed
non-perturbatively by the field’s action content Γ
Γ ∼ exp
[
− 1
4g2
∫
d4xF aµνF
a
µν
]
, (4)
and change the field’s winding number by one unit.
Note that winding numbers are global properties of given field configurations defined over
all space. Since the topological charge density FµνF˜µν can be written in terms of a total
1 Henceforth taken to be SU(2) unless otherwise stated, and labelled by a vector index a.
3derivative ∂µKµ (the so-called Chern-Simons current), they are only “observable” (not in
practice but with QFT sources) by probing the celestial sphere at at infinity
ν ∼ lim
r→∞
∮
d3S ǫµνρσnµTr
(
Aν∂ρAσ +
2
3
AνAρAσ
)
. (5)
Instantons, however, are localised, and dominate at a scale in momentum space (parametrized
by ρ in equation (2)) where the theory becomes non-perturbative.
Instantons break the degeneracy of the classical vacuum solutions with different winding
numbers, and their presence means that the Yang-Mills vacuum will be in general a su-
perposition of the different topological sectors weighted by expansion coefficients cn. This
coefficients are fixed to a phase cn = exp(inθ) by the homogeneity of Minkowski space
[2], where the arbitrary constant θ parametrizes the coherent superposition of states with
topological winding number n
Z[θ] =
∑
n
einθZn ⇐⇒ |θ〉 = N
∑
n
einθ |n〉 . (6)
This superposition of winding sectors in the vacuum is equivalent to an additional gauge-
invariant [7] term in the Euclidean effective Lagrangian
Leff ≡ lnZ = LYM + iθ
16π2
Tr(FµνF˜µν), (7)
which breaks the CP symmetry of the original Yang-Mills Lagrangian. In QCD, for example,
this CP symmetry breaking gives rise to observable effects, such as θ-dependent electric
dipole moments for neutral particles. Experiments, however, have constrained this CP-
violating parameter to the small bound of |θ| ≤ 10−9 (the experimental limit of the neutron’s
dipole moment is 10−18 e.m.), beyond naturalness, and the explanation for such a small value
is called the strong CP problem.
A variety of solutions [1] were proposed for this problem, most involving beyond the
standard model dynamics coupling to θ (“axions”) or extra symmetries that fix θ to zero.
Phenomenologically, no signature suggestive of such models has so far been detected.
In this work, we will try to “go back to the basics” of quantum field theory and reflect on
the nature of the quantum vacuum. The vacuum is only a partially rigorously defined object
[2], covering a continuous infinity of degrees of freedom. This, and basic rules of quantum
mechanics, means that generally every point in space is entangled with every other point.
This appears to violate basic Lorentz invariance and causality, since indeed the vacuum at
4a given moment in time is defined over all points in space. However, the opposite is in fact
true [2]; a stable vacuum is is what guarantees causality. That is because observables are not
“states” but time ordered field correlators, and in a properly defined quantum field (with
anti-particles) all observables are both Lorentz-covariant and causal.
This construction, however, is difficult to extend to general covariance, necessary for gen-
eral relativity [8–11]. Since general coordinate transformations change the causal structure
of the theory, the vacuum undergoes non-unitary transformations. Even if one concentrates
on particular geometries, quantization becomes very sensitive to topology. While theories
with timelike Killing vectors (such as static black holes and anti-de Sitter spaces) are rel-
atively straightforward and edge state techniques can be used in 1D systems to quantize
the boundary separately from the bulk [12], in other geometries, such as de Sitter space-
times, fundamental observables which are manifestly unitary in Minkowski space, such as
the S-matrix [13], become ill-defined. No systematic way as of yet exists to treat quantum
fields in such a spacetime, but it can be argued [11, 14] that if general covariance is to be
fundamental one must give up unitarity and treat the degrees of freedom behind the hori-
zon in the language of open quantum systems. In this case, the vacuum’s “state purity” is
ill-defined, since it is frame dependant, but observables could acquire general covariance via
the boundary term. For famous simple examples, such as accelerated Rindler space [15, 16],
this was shown to work, with the matrix elements changing description (interaction with
a classical field in the Minkowski frame, and with a thermal bath in the Rindler one) but
transforming covariantly. It is not clear what happens if a theory acquires condensates [17].
In the following two sections, we will make two related arguments that link the strong
CP problem to the interplay between quantum field theory and general coordinate transfor-
mations. Section II argues that a theory with a non-zero θ will likely lose general covariance
of any observables depending on θ. Section III will show that the “toy model” often used
to describe θ vacua together with the tracing over of trans-horizon degrees of freedom leads
to θ = 0 asymptotic states independently of the “real” θ value. We note that the question
of coherence in the appearance of instantons was already discussed in [18]. Where our ap-
proaches differ is that we consider the definition of observables characterising the topology
of space, while [18] concentrates on the dynamics.
5II. GENERAL COVARIANCE AND THE TOPOLOGICAL TERM
The question of the general covariance of quantum field theories is a subtle one. One
can formulate it by using the path integral formulation, where all information about the
quantum state is encoded in the generating functional. In terms of fields φ and source
functions J(x) (See reference [11, 14]), it is
Z =
∫
[Dφ] exp
[∫ √−gd4x [L(φ) + J(x)φ]] . (8)
For fields of any given spin, both φ and J acquire the Lorentz and internal symmetry
properties necessary for J(x)φ to be a Lorentz scalar. It is straight-forward to write an action
invariant under general coordinate transformations, since
√−gd4x is generally covariant and
L can be made so by the use of covariant derivatives. Indeed, a θ term can also arise within
an effective theory extension of general relativity [19].
The issue is the role of the integration measure Dφ. What configurations are counted
if the coordinate system contains singularities, or the spacetime is divided into casually
disconnected regions? We note that, as shown in [10], Hawking radiation can be thought
of as an anomaly, i.e. a tension between the fundamental symmetry of the theory and the
integration measure – in this case provoked by the boundary structure of the Schwarzschild
spacetime at the horizon.
At the partition function level, it has long been known [8, 9] that the partition function
for general coordinate systems with causal horizons will necessitate of a surface term, which
for a time-like Killing horizon can be modeled by a thermal bath. This is the essence of the
Unruh effect, and, in 1+1D, can be rigorously connected to topological terms (see appendix
and [12]).
In [11], it was proposed that perhaps promoting the partition function with a source to
a dynamical object would generate a generally covariant quantum theory. A general non-
inertial transformation will alter both bulk and boundary, but there is a possibility that,
with Lagrangians describing both, the total partition function will be invariant under general
coordinate transformations. In [11] we argued that imposing this must lead to treating all
quantum states as open, since such general coordinate transformations necessarily break
unitarity.
This extension, however, is unobservable in experiments done so far as it concerns situ-
ations with strong classical accelerations. Such an approach, as we argued, could be used
6to write down an effective quantum field theory covariant under general coordinate trans-
formations. Not quantum gravity, of course, but a field theory respecting the symmetries of
gravity at quantum level.
Now, it is obvious that the boundary integral has the same structure of equation (5); A
function of Aaµ integrated over the surface dSd−1 which in turn is the edge of a particular
geometry. A non-zero θ term means that different νs are coherently entangled, and the
degree of this coherence would be modified by the boundary term. Hence, the entanglement
entropy, and all of its derivatives (θ is proportional to the first derivative, the topological
susceptibility to the second), would be modified by the boundary term in a way that is very
sensitive to the geometry in question. Exactly the same dependence happens with a horizon
term, which, again as equation (5) suggests, adds to it.
This suggestion has been put on a firmer footing within [20], following an unsuccessful
attempt by the same author [21] to argue, in a manner similar to [22], that Yang-Mills
instantons are incompatible with a Schwarzschild geometry. As it turns out [20] this is not
quite correct. However, unlike in Minkowski the instanton in Euclidean Schwarzschild space
cannot be gauge transformed into a smooth temporal gauge; By looking at a Rindler patch
of this space, it is clear that a Minkowski and a Rindler observer, or a Schwartschild vs a
Lemaitre observer, will see a different instanton content and a different ν. As ν is a scalar,
the only way to preserve an undetermined ν (required by local quantum mechanics) that
transforms covariantly is to make sure the summation over |ν〉 was incoherent even in the
freely falling frame, where geometry is closest to Minkowski. This corresponds to the case
of θ = 0. Note that this argument only applies to the average topological value
〈
FF˜
〉
.
Phenomenologically useful fluctuations ∼
〈
FF˜F F˜
〉
[23] are not affected because of the
time-ordered nature of the product in the fluctuation [4], which isolates the local (instanton
peak, always in causal contact with the observer) over the global asymptotic state (possibly
affected by the horizon).
Let us explore this argument in more detail, but concentrating on Rindler patches. For
static and quasi-static spacetimes this is equivalent to filling the manifold with a bath of
quanta with the temperature Th ∼ 1/Rh, where Rh is the horizon scale (the Schwarzschild
radius for black holes, the Hubble radius for dS space, the acceleration for Rindler space
and so on). Thermality appears as a consequence of the symmetries of the quasi-static
accelerated spacetime [24], and hence can be thought of as as embedded in the effective
7action
Seff ∼ ln


∫
Dφ exp
∫ √−gd4x︸ ︷︷ ︸
→
∮
dt
∫
d3x∼T
∑
n δ(t− nT )
[L(φ) + J(x)φ]

 . (9)
As further shown in [15, 16] and references therein, one can derive the Unruh effect by
tracing over degrees of freedom beyond the horizon. The two pictures are complementary
Rindler
I
IV
II
III
Minkowski
−T
T T
−T
T infinite
T −infiniteIm[u,v]
Re[u,v]
βi   /2
FIG. 1. The asymptoptic horizons of Minkowski and Rindler observers, on which winding numbers
are measured (middle and right panels). As shown in [16], a rigorous dictionary between the two
partition functions can be established by complexifying coordinates and a choice of contours, shown
on the left
since, at least for Rindler patches [25, 26], tracing over in Minkowski space can be achieved
by complexifying the action and appropriately choosing contours constructed to respect the
periodicity of the time coordinate. This way we can write, up to a normalization factor, the
generating functional for a field as
Z[J ] ∼
∫
DCφ exp
{
i
∫
C
√−gd4x (L[φ, ∂φ] + Jφ)
}
, (10)
where C corresponds to a contour choice in complex coordinate space – analogous to the
Schwinger-Keldysh and thermofield-dynamical formalisms of usual finite-temperature quan-
tum field theory. An extension of Rindler to Minkowski spacetime can be realized, in Rindler
null-coordinates l± = τ ± ξ, by the horizontal patches C1, C2 of the contour shown in figure
(1), defined by
C1 ≡ l±, C2 ≡ l± − iβ
2
, l± ∈ R. (11)
8In this way, all four wedges W±,F,P of Minkowski space correspond to different combinations
of horizontal sections of the Rindler null-coordinate contours. The fields associated with
the horizontal sections l± ∈ C2 (with non-zero imaginary part ℑC 6= 0) correspond to the
causally inaccessible regions of spacetime W−,F,P , and act as invisible fields from the point
of view of an accelerated observer. In other words: The extension of the fields from Rindler
to Minkowski spacetimes acts as a purification of the Hawking-Unruh thermal state.
Extending such a calculation to a topologically non-trivial Yang-Mills theory is a
formidable project. However, the arguments in [20] make it clear that the fact that winding
numbers can be both in the observed and the hidden patches will generally change the
topological structure of the resulting partition function. A physical reason is that for real
positive quark masses, the partition function in equation (6) admits a quasi-probabilistic
interpretation
Z =
∑
n
Zne
inθ, Pn ∼ Zn
Z(θ = 0)
, (12)
with Pn is the “probability” to “measure” a winding number n [27]. Note that [27] this is a
Wigner Quasi-probability [28] rather than a probability, since for generic θ it might not be
real-valued. However, it expresses the quantum uncertainity of winding numbers when θ is
fixed, and it obeys Wigner’s quasi-probability axioms. The winding number, in this picture,
is measureable via the probe in equation (5).
In the quasi-probabilistic interpretation motivated in equation (6), Zν and the topological
susceptibility ∂2 lnZ/∂2θ will transform between Minkowski and Rindler space with a factor
representing the ratio of visible to invisible fields. By Bayes’s theorem
Zν = Z(θ = 0)
∑
µ
Zµ
Z(θ = 0)
× P (µ− ν ∈ C2) , (13)
and the P (...) term will be directly proportional to the proportion of the given Rindler
time-slice covering each section of Rindler space. This is not unity, and will depend on
the proper time of the Rindler observer. It will also be an observable, measurable in a
Gedankenexperiment by repeated applications of the operator defined in equation (5).
This lack of covariance has a root in two issues: the winding number is not a conserved
quantum number, and hence is expected to change with the Hamiltonian. However, “time”
is not just a coordinate but also defines the order in which the co-moving observer makes ob-
servations (“collapses the wavefunction”, or, rather, samples correlators). If one sequentially
9“observes it”, over time intervals of the order of an instanton size, one expects it to change
by one unit. However, this change in Hamiltonians will also affect the partition function
according to
Z = 〈0| exp
[
i
∫
dtHˆ
]
|0〉 , (14)
and so the procedure ∫
dt→ 1
N
∑
n
∫ (n+1)T/N
nT/N
dt
would break down. If the winding number is observed along a Minkowski vs. a Rindler
trajectory, the degree of quantum coherence, and P (...) will vary. The only way to make
equation (13) generally covariant appears to be for P (µ− ν ∈ C2) to be a unity operator in
the winding numbers basis, which is equivalent to assuming θ = 0.
To get a physical feeling of what is going on here, consider the case of accelerated photon
“Bremstrahlung” emission, or the famous p→ ne+ν decay examined in [15]. As [15] makes
the case, the “interpretation” in inertial and comoving frames is different (in one case the
decay is a quantum reaction to a semiclassical field, in the other it is interaction with the
Unruh bath) the decay matrix elements calculated in both cases will be the same.
For an electric dipole moment there is no chance of this happening, since a Minkowski
observer and a comoving observer will see different Zν , and hence different effective θs and
topological susceptibilities. Hence, if general covariance is to be a fundamental principle, θ
must be equal to zero.
This looks quite an abstract argument, but it can be incorporated into the effective
theory of constituent quarks [29] (to which the σ-models [30] are related via the NJL model)
because in such local models “local” and “large” Gauge transformations are separated, and
the former handled perturbatively by adding aWilson line U∞ at infinity to each color charge.
This way, in the perturbative limit, topological transformations completely decouple from
local transformations and only the latter are relevant for Feynman diagram expansion. The
problem is that once a horizon exists, U∞ will span both “visible” and “invisible” fields.
Hence, no effective theory, perturbative or otherwise, can be made from visible fields alone
and topological and local transformations are inseparable. Naively we can speculate that
since (as argued in [29]) local color-charged objects are forbidden by confinement, this means
the θ angle should also go to zero. Note that the association between confinement and θ
can be made using renormalization group arguments [31]. Of course, as argued in section
10
4.1 of [32, 33], there is a case for relating these arguments, with renormalization scheme
independence taking the role of general covariance.
To summarize this section, we made a heuristic and speculative argument that the only
way to restore general covariance is for θ to be equal to zero. Because the argument was
based on visible and invisible fields, the crux is that only for θ = 0 the coefficient cm = e
imθ
does not change between a coherent and an incoherent sum. In the next section we shall
show, using a toy model from condensed matter physics solved in the 80s [34, 35], that
explicitly tracing over degrees of freedom beyond the horizon will generally confirm this
conclusion.
III. A TOY MODEL: PERIODIC POTENTIAL WELLS WITH DECOHERENCE
Since it is fashionable to illustrate the θ problem using the periodic potential well [3, 5, 6],
let us try to get some additional understanding using such a toy model. The models are
physically completely different, in the sense that the periodic potential well is “engineered”
to have a θ-like parameter characterizing the eigenstates of the Hamiltonian and topological
terms have no kinetic modes. Nevertheless, we think that a dictionary between these prob-
lems is useful enough to extend it to an open quantum system. Let us consider a system
consisting of a quantum mechanical particle moving through potential wells satisfying the
periodicity condition V (x ± a) = V (x), shown by the black lines in Figure (2). The wells,
in this example, represent topological configurations (winding numbers) of a non-abelian
gauge theory at the horizon. The Hamiltonian for this system is given by the kinetic and
potential terms
HˆS =
pˆ2
2M
+ V (xˆ). (15)
The solution for these kinds of systems is well known [36], and given in terms of the energy
eigenstates
|θ〉 =
∑
n∈Z
exp(inθ) |n〉 , (16)
where |n〉 is state of the particle localized at the nthe site (or winding number, in the Yang-
Mills correspondence), and θ is a parameter that labels the simultaneous eigenstates of the
Hamiltonian and the a-translation operator T †(a)V (x)T (a) = V (x + a). The associated
11
(trans−horizon DOFs)
bath
~topological barrier
~"instanton" (localized,UV)
gauge configurations(IR)
Asymptotic
FIG. 2. A schematic illustration of the periodic well analogy of instantons, and the role that
horizon radiation plays in them. The QCD solution is represented by a periodic potential, whose
wavefunction is represented by a tunneling process (corresponding to a localized field configura-
tion, the instanton) and a dominant “peak” (corresponding to the asymptotic field configuration,
delocalized). Horizon radiation decoheres the IR peak without altering the the localized tunnelling.
Top image from [5]
density matrix for such θ state is given by
ρˆ =
∑
m,n∈Z
exp(i(m− n)θ) |m〉 〈n| . (17)
If the potential barriers are tall with respect to the energy of the system, we can use the
tight-binding approximation and obtain an approximation to the θ-state energy
E(θ) = E0 − 2∆ cos θ (18)
from the energy of the localized states E0 = 〈n| Hˆ |n〉 and the splitting energy between
adjacent sites ∆ = | 〈n± 1| Hˆ |n〉 |. The ground-state wavefunction ψθ(x) = 〈x|θ〉 takes the
Bloch form
ψθ(x) = e
ikxuk(x), k = θ/a, (19)
where uk a periodic function with period a and k = θ/a is the “Bloch momentum” associated
with the periodic potential.
We now need to add to the toy model of the θ vacuum a toy model of the thermal bath
due to the horizon, and the interactions of the system with the bath. Following [34, 35], let
us add a “bath” consisting of an infinite number harmonic oscillators interacting with the
12
particle in the periodic potential as
Hˆ = HˆS + HˆB (20)
where HˆB is the Hamiltonian for the simple harmonic oscillators of the thermal bath together
with a linear interaction term between the bath and the particle, given by
HˆB =
∑
n∈Z
(
1
2mn
pˆ2n +
1
2
mnω
2
n
(
qˆn +
Cnxˆ
mnω2n
)2)
. (21)
For convenience, we define the pure interacting Hamiltonian by HˆI =
∑
n∈ZCnqˆnxˆ.
In the interaction picture, the equation of motion for the reduced density matrix of the
particle is given by
dρˆS
dt
= −iTrB
[
HˆI(t), ρˆS+B(t)
]
. (22)
When the couplings Cn are equal to zero one recovers equation (16) for the ground state of the
particle, since ρˆS and ρˆB decouple and evolve, respectively, under HˆS and HˆB separately. If
Cn are not equal to zero, the toy model can only be solved in very particular cases and under
certain approximations. Analytical solutions can be found for simple potential profiles, such
as the double well potential [34], and the (biased) periodic potential [35]. These solutions
hinges on the fact that the interaction of the Brownian particle couples to the thermal bath
frequencies via the spectral density function
J(ω) =
π
2
∑
n
C2n
mnωn
δ(ω − ωn), ω > 0. (23)
Exact solutions can be found by limiting the particle’s response to the particular case of a
thermal bath with ohmic profile and a high-frequency cutoff Λ > 0, given by
J(ω) = ηω, 0 < ω < Λ. (24)
This means that for these kinds of toy models, the dissipative dynamics induced by envi-
ronment interactions mostly involves the low-frequency modes of the environment. In the
Yang-Mills correspondence, that means topological information (associated with infrared de-
grees of freedom2) decoheres, while localized field configurations, such as instantons, would
remain intact.
2 It is also worth noting that in usual quantum field theory in flat spacetime, renormalization group counter-
terms are constrained to preserve Lorentz symmetry. It is clear that if this can be extended to general
covariance while preserving local Lorentz symmetry, it is the IR structure of the theory that must be
constrained [11].
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In the particular case of a double-well potential [34], for example, we can map the high-
frequency dynamics of the model to an effective two-level system. The degrees of freedom
in this case are the symmetric and anti-symmetric combinations of the damped harmonic
oscillator states centered at the bottom of each potential well
Ψ±(x, {qn}) = 1√
2
[ΨR(x, {qn})±ΨL(x, {qn})]. (25)
Generally one can separate the associated density matrix into a coherent and an incoherent
part, where the coherent part can be rotated as the projection part within a certain direction
Sˆz for the two-level system above [34]
ρˆS =
∑
n
An |n〉 〈n|+ P (t)
∑
m6=n
Bmn |m〉 〈n| . (26)
Since HI does not commute with HS, the equation of motion for the reduced density matrix
of the system becomes an initial value problem, with all time depence can put into P (t)
(which could be a matrix in the “winding number” basis). It can be shown then that P (t)
obeys the damped harmonic oscillator equation
P¨ + T−1P˙ +∆2P = 0, (27)
with T−1 and ∆ functions of the original parameters.
The exact form of the parameters can be an involved calculation, but their dependence
on the length scales of the problem is universal. As shown in [34], while ∆ is dominated
by short-range physics (in our context this means instantons equation (2), hence ∆−1 ∼ ρ),
the damping time-scale T depends on the softest scale connected to the size of the reservoir
(in our context, this is the horizon radius). The latter can be removed from the system by
“adiabatic renormalization”, where all dimensionful parameters are presented as a ratio of
the cutoff frequency. In the limit we want to reach, where the cutoff frequency dependence
is very small, one needs α → 0 (defined in chapter 9 of [34]). This means that the effective
P decays will decay in a coherent fashion to zero on a time-scale set by the lowest frequency.
In a scenario where the cosmological constant is dynamical, such as inflation theory [37] a
period of high initial cosmological constant would therefore stabilise an initially arbitrary θ
around zero.
To compare our models to a real quantum field theory vacuum, either Yang-Mills or its
effective theory implementation (either constituent quarks [29] or mesons where the θ term
14
appears as a parity-odd rotation in isospin space [30]) we need to be a bit more rigorous.
The path integral formalism can be connected to density matrix language via [38], where
the similarity between QCD and the periodic potential setup is more clear.
The density matrix is related to the partition function via
〈x| ρ |x′〉 = 1
Z
∫
Dφ(t = t0, x) < φ|Ψ >< Ψ|φ > (28)
=
1
Z
∫ τ=∞
τ=−∞
∫
[Dφ,Dy(τ)Dy′(τ)] e−iS(φy,y′) · δ [y(0+)− x′] δ [y′(0−)− x] ,
where |Ψ > is some Eigenstate basis and ψ are field configurations to be integrated over.
Let us now consider expand Ψ in terms of Ψn, the wave functional corresponding to
equation (12). In both the QCD case and the periodic potential case,
ρˆ →
∫
Dφ︸ ︷︷ ︸
lim
x→0+−O−
Dφ(t=t0,x)
< φ|Ψn >< Ψm|φ > exp [θ(n−m)] (29)
where Ψn are Eigenstates of the hamiltonian with, additionally, boundary condition set by
the winding number (For the periodic potential, it is a fixed number of turns around N
wells, for the QCD case it is a given winding number).
Now, the previous section has argued that background independence implies indepen-
dence from horizon terms. In this section, the tracing over the horizon terms was argued to
be equivalent to tracing over the “infrared” degrees of freedom k ∼ (0+− 0−)−1 in equation
(28).
Our mechanism adds to the system (S) a thermal bath (B) and in both cases
ρˆQCD = TrB ρˆS+B, ρˆS+B ∼ ckk′ |k〉 〈k′| , kB ∼ (0+ − 0−)−1 ≪ kS, (30)
where k refers to momentum and ckk′ encode all structure of the vacuum. The arguments
of the previous section make it clear that for background independence to be achieved, the
tracing of the bath degrees of freedom must make no difference to the effective Lagrangian.
Let us, as above, refer to Ψm as physical states in flat space of winding number m and
Φm as Ψm with the infrared limit decohered (all dependence of kB removed, and kS ∼ ρ−1
of equation (2) unchanged). While Ψm and Ψn are not Eigenstates of the Hamiltonian, they
do form an orthogonal set. In contrast, the decoherence of kbath means that
〈Φm|Φn〉 ∼ Trkck∼kBath 6= 0 (31)
15
with the fact that instanton states have diverging infrared Fourier coefficients and infinite
occupation numbers ensuring a finite overlap even if the ultraviolet part of the instanton is
unchanged.
Thus, the decohered density matrix ρˆD, will not be diagonal in the |n〉 basis. Shifting
them to a diagonal basis |Ψ′〉 will involve a generally complex rotation in phase space, whose
jth eigenvalue can be represented as complex numbers rje
iαj . Putting these together we get,
from equation (29), (30) and (31),
ρˆ ∝
∑
n,m,j
ei(θn+
∑
j αj)Dφ 〈φ|Ψ′n〉 〈Ψ′n|φ〉 (32)
|Ψ′n〉 and |Ψn〉 are distinguishable only via the IR part of the partition function and an
unobservable renormalization parameter given by rj . The phase, however, was rotated by
an “infinite” number of angles αj, and hence can be safely assumed to decohere.
Considering the density matrix to evolve dynamically, we would conclude the infrared
form of the dynamics of this decoherence will be controlled by a damped equation of the type
equation (27), with the damping time of the order of the horizon parameter (the cosmological
constant in a de-Sitter space, acceleration for Rindler space and so on). This “coincidence”
can actually be seen from the form of equation (8) and the argument, made in [39], that
general covariance of the time parameter requires correlated fluctuation (“many outcomes
for an initial condition”) and dissipation (“one outcome for many initial conditions”) that
transform covariantly. Topological quantum fluctuations that fix the θ term are “the softest
scale”, set at the horizon scale. They must be matched by an equally soft dissipation,
making such “slow” dynamics is unobservable. This implies θ damping is irrelevant for any
measurement k ∼ kBath.
Finally, the interpretation of decoherence as the effect of unmeasured degrees of freedom
can connect this section to the previous section II. Because the horizon hides the information
allowing the winding number to be instantaneously measured, the density matrix in the basis
of |n〉 becomes
einθ |n〉 〈m| δmn →
∑
m′,n′
einθP (n′, n)P (m′, m) |n′〉 〈m′| δm′n′, (33)
where P (n′, n) represent semi-classical probabilities of winding numbers disappearing behind
a horizon. Rotating bases will add complex coefficients, parametrized by the rje
iαj of the
previous equation equation (32). The rj’s reflect the normalization of the field strength in
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response to the horizon changing the configuration space. It should be unobservable for
frequencies higher than the horizon radius. The phases αj however remains and rotates θ
chaotically for each momentum mode, equivalent to decoherence (see a good discussion of
“coherent” and “chaotic” sources here [40]).
In conclusion, we note that a similar mechanism to what we suggest was proposed in
the 80s as an origin of spontaneously broken symmetries [41]. The success of the Higgs
model and chiral symmetry breaking invalidated further development of this idea, but for
anomalously broken symmetries it has potential.
IV. DISCUSSION
The previous section III makes it clear that any tracing over of degrees of freedom outside
a causal horizon generally results in the asymptotic relaxation of a density matrix of a theory
with connected topological sectors to a density matrix where they are connected incoherently.
This means that equation (6) is therefore updated to
∑
m,n
ei(m−n)θ |m〉 〈n| →
∑
n
cn |n〉 〈n| →
∑
n
|n〉 〈n| , (34)
where cn doesn’t depend on θ and is put to unity via field strength renormalization.
Note that instantons, as any “UV” degrees of freedom, are preserved (as they should
be if there is any hope of the idea presented in this paper to be correct, since they are
necessary for phenomenology (the η′ mass issue) [3, 4], seen on the lattice [23] and hinted
at in experiment [42]). Equation (34) only modifies the infrared sector of the theory. In
mathematical terms, instanton fluctuations and topological susceptibility should therefore
not be different from the lattice value [23]. If a universe is “prepared” with a finite θ and
a horizon, the timescale for the θ to relax to its effectively zero value can be given by the
methods of section III. The asymptotic density matrix picture is also covariant under general
coordinate transformations, at least for non-inertial transformations having an acceleration
smaller than the horizon size, according to section II.
At first sight this conclusion is very counter-intuitive. We are expected to believe that
something as “global” as the topology of the universe with it tiny cosmological constant and
consequently huge de-Sitter radius, plays an important role in local physics, the effective
lagrangian of QCD. There is two ways to think about it. The first, [15], would be to
17
elevate background independence to a fundamental principle of quantum field theory. Then,
the topological structure of the quantum field and the topological structure of the casual
boundary must “conspire” to maintain the general covariance symmetry of local physics.
The instanton, as a local object, is unaffected by this up to terms of the order of ∼ ρ/Rh,
but the asymptotic structure of the instanton, being “infinitely large”, interacts with the
“very soft” Hawking radiation in a way that breaks covariance unless the coherence of the
asymptotic structure vanishes. This can be quantitatively implemented using the techniques
outlined in the previous two sections.
The mechanism described here could be valid, however, even if general covariance is bro-
ken by quantum effects. For instance, it could arise dynamically in a cosmological scenario.
In a “long” high cosmological constant phase in the early universe, natural in the slow-roll
inflation scenario [37], the topological sector of the QCD vacuum would have time to deco-
here if this phase is also deconfined (either due to temperature of a dS constant above Tc).
Afterwards, the decohered θ = 0 state would be “locked”, since long wavelength colored
perturbations which cause tunneling would be below the confinement mass gap. Such a
dynamical non-perturbative QFT problem is of course well outside this work’s scope, but
qualitatively this scenario might be implementable.
An obvious drawback of the explanation presented here is its lack of falsifiability. Unlike
with more traditional mechanisms of the resolution of the θ problem, we do not predict
new particles, and is founded on a fundamental modification of the quantum field theory
vacuum state [11] that in turn generally does not produce verifiable predictions. However,
one might be able to experimentally test our model with analogue systems. Provided a fluid
with internal symmetries exhibiting topological properties similar to Yang-Mills theory is
found (for example a fluid with polarization [43]), one might be able to put this fluid in
Minkowski and de-Sitter configurations [44]. An effective θ term could then appear in the
former and disappear in the latter, decohered by Hawking sound. The violation of unitarity
that we believe is implicit in the structure of spacetime would here arise out of the fluid
dynamics limit.
Since the effect suggested here involves integrating out infrared degrees of freedom, there
might be a parallel to non-perturbative renormalization group approaches, investigated else-
where [31] and motivated by the analogy between renormalization group scheme indepen-
dence and general covariance [32, 33]. In both cases, the approach does not rely on new
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physics, but rather on making sure the underlying theory’s local physics is insensitive to
unobserved infrared perturbations.
In conclusion, we have heuristically discussed the topology of a quantum field theory in
curved space. We have argued that the presence of causal horizons, or, equivalently, the
expectation of general covariance of the theory at the quantum level, generally require the
asymptotic wave functional of the theory to have different topological sectors incoherently
summed. This is just what one needs to require the θ angle of the theory to vanish, in
accordance with observations. While we are very far from proving that this is the correct
explanation of the strong CP problem, it is a suggestion that merits further development.
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Appendix A: Maxwell theory in (1+1) dimensions
We give an explicit example where some quantitative insight can be obtained for topo-
logical theories in different frames. There results are based on [7, 12].
Pure electrodynamics in (1 + 1) dimensions is a topological theory, since π1(U(1)) = Z.
This means pure electrodynamics admits a topological θ term, similar in nature to the QCD
case, given by
L = −1
4
FµνF
µν − eθ
4π
ǫµνF
µν ≡ 1
2
F 2 +
eθ
2π
F, (A1)
where F ≡ F01. Since the Lagrangian only depends on F , we can treat it like the canonical
field and find its equation of motion
F = − eθ
2π
. (A2)
Since the field is just a constant C-number, the theory is trivial. That means there is only
one physical state, the vacuum state |θ〉, satisfying
F |θ〉 = − eθ
2π
|θ〉 , H |θ〉 = 1
2
(
eθ
2π
)2
|θ〉 . (A3)
In other words, θ is the simultaneous eigenstate of the Hamiltonian density and the electric
field, and θ can be interpreted as a constant background electric field E = eθ
2pi
. In terms of
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E , that means the Hamiltonian density takes the form
H |E〉 = E
2
2
|E〉 , (A4)
which is the local version of equation (4.13) of [12]. The state |E〉 can also be obtained from
|E = 0〉 by means of a Wilson line
|E〉 =WE |0〉 . (A5)
Let us consider such a field prepared to be in a Minkowski vacuum state. By means of
equation (4.24) of [12], defining the action of the Wilson line on the wedge-decomposition
of a state as
We |Ψ〉 =We 1
Z
∑
E
e−A
E
2
2 |E〉L ⊗ |E〉R =
1
Z
∑
E
e−A
E
2
2 |E + e〉L ⊗ |E + e〉R , (A6)
we can reconstruct the Minkowskian wavefunctional for E = 0, given in equation (4.30) of
[12], using the Wilson line for an electric field E = E0 as
WE0 |Ψ〉 =WE0
1
Z
∑
E
e−
piR2
2
E
2
2 |E〉L ⊗ |E〉R =
1
Z
∑
E
e−
piR2
2
E
2
2 |E + E0〉L ⊗ |E + E0〉R
=
1
Z
∑
E
e−
piR2
4
(E−E0)2 |E〉L ⊗ |E〉R . (A7)
On the limit R → ∞, we get a delta function e−piR24 (E−E0)2 → δ(E − E0) around E0 on the
exponential and thus obtain
|E0〉 = |E0〉L ⊗ |E0〉R . (A8)
Remembering that such constant electric fields are corresponding to θ originally, we get
|θ〉M = |θ〉L ⊗ |θ〉R . (A9)
The separation of spacetime into right and left wedges correspond to a separation of the
state into two sectors, both corresponding to the same parameter θ. That result can also be
obtained directly from equation (4.31) on [12] by applying the Wilson line operator WE
|E〉M =WE |0〉M =WE |0〉L ⊗ |0〉R ≡ |E〉L ⊗ |E〉R . (A10)
These results were calculated using a vacuum prepared as an Eigenstate of the field theory
in Minkowski space. Hence, in this particular example (of (1 + 1)-dimensional pure pho-
todynamics) the θ’s seem to just factorize into right and left sectors, without having to be
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constrained to the θ = 0 case. As argued in the rest of the paper, There are valid reasons
to think that this is not true for a generally covariant system in a mixed state, particularly
when the topological term is not linear in the “electric field”. One particular feature that
exemplifies this difference is the decoupling between bulk and boundary that happens in the
simpler abelian case, as shown in [12].
Still, it is not at all clear that a constraint such as θ = 0 on an apparently free parameter
can be obtained simply by arguments of consistency between representations of the states
with respect to right-left Rindler wedges. In particular, take a localized observable O with
support on the right Rindler wedge. Then O is non-zero only on x ∈ MR, and therefore
completely accessible to both an inertial and a right-accelerated observer that has MR as
its causal region. Then
〈O〉Ψ =
∫
B(Ψ)
[DA] exp
{
−
∫ (
1
4
FF +
gθ
32π2
FF˜
)}
(A11)
should reduce to a sum over field configurations supported onMR, and therefore a thermal
sum such as
〈O〉Ψ ∼ Tr[O e−βHR], (A12)
with HR the Rindler Hamiltonian associated with the θ-dependent action above. The extent
by which the bulk-boundary coupling manifest in Non-Abelian theories in 3D will change
this is, to our knowledge, not quantitatively accessible to a toy model. Our idea therefore
remains a speculation, to be rigorously tested when a generally covariant effective theory
becomes better defined.
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